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RECENT PROGRESS AND OPEN QUESTIONS ON
THE NUMERICAL INDEX OF BANACH SPACES
VLADIMIR KADETS, MIGUEL MARTÍN, AND RAFAEL PAYÁ
Abstrat. The aim of this paper is to review the state-of-the-art of reent researh onerning
the numerial index of Banah spaes, by presenting some of the results found in the last years
and proposing a number of related open problems.
Introdution
The numerial index of a Banah spae is a onstant relating the behavior of the numerial range
with that of the usual norm on the Banah algebra of all bounded linear operators on the spae.
The notion of numerial range (also alled eld of values) was rst introdued by O. Toeplitz in
1918 [79℄ for matries, but his denition applies equally well to operators on innite-dimensional
Hilbert spaes. If H denotes a Hilbert spae with inner produt (· | ·), the numerial range of a
bounded linear operator T on H is the subset W (T ) of the salar eld dened by
W (T ) :=
{
(Tx | x) : x ∈ H, (x | x) = 1}.
Some properties of the Hilbert spae numerial range are disussed in the lassial book of P. Hal-
mos [29, 17℄. Let us just mention that the numerial range of a bounded linear operator is
(surprisingly) onvex and, in the omplex ase, its losure ontains the spetrum of the operator.
Moreover, if the operator is normal, then the losure of its numerial range oinides with the
onvex hull of its spetrum. Further developments an be found in a reent book of K. Gustafson
and D. Rao [28℄. In the sixties, the onept of numerial range was extended to operators on
general Banah spaes by G. Lumer [54℄ and F. Bauer [4℄. Let us give the neessary denitions.
Given a real or omplex Banah spae X , we write BX for the losed unit ball and SX for the unit
sphere of X . The dual spae will be denoted by X∗ and L(X) will be the Banah algebra of all
bounded linear operators on X . The numerial range of an operator T ∈ L(X) is the subset V (T )
of the salar eld dened by
V (T ) := {x∗(Tx) : x ∈ SX , x∗ ∈ SX∗ , x∗(x) = 1}.
The numerial radius is the seminorm dened on L(X) by
v(T ) := sup{|λ| : λ ∈ V (T )}
for T ∈ L(X). Classial referenes here are the monographs by F. Bonsall and J. Dunan [9, 10℄
from the seventies. Let us mention that the numerial range of a bounded linear operator is
onneted (but not neessarily onvex, see [10, Example 21.6℄) and, in the omplex ase, its losure
ontains the spetrum of the operator. The theory of numerial ranges has played a ruial role in
the study of some algebrai strutures, espeially in the non-assoiative ontext (see the expository
paper [46℄ by A. Kaidi, A. Morales, and A. Rodríguez Palaios, for example).
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The onept of numerial index of a Banah spae X was rst suggested by G. Lumer in 1968
(see [20℄), and it is the onstant n(X) dened by
n(X) := inf{v(T ) : T ∈ L(X), ‖T ‖ = 1}
or, equivalently,
n(X) = max{k > 0 : k ‖T ‖ 6 v(T ) ∀T ∈ L(X)}.
Note that n(X) > 0 if and only if v and ‖ · ‖ are equivalent norms on L(X). At that time,
it was known that in a omplex Hilbert spae H with dimension greater than 1, ‖T ‖ 6 2v(T )
for all T ∈ L(H), and 2 is the best onstant; in the real ase, there exists a norm-one operator
whose numerial range redues to zero. In our terminology, n(H) = 1/2 if H is omplex, and
n(H) = 0 if it is real. Atually, real and omplex general Banah spaes behave in a very dierent
way with regard to the numerial index, as summarized in the following equalities by J. Dunan,
C. MGregor, J. Prye, and A. White [20℄:
{n(X) : X omplex Banah spae } = [e−1, 1],(1)
{n(X) : X real Banah spae } = [0, 1].
The fat that n(X) > e−1 for every omplex Banah spae X was observed by B. Glikfeld [26℄ (by
making use of a lassial theorem of H. Bohnenblust and S. Karlin [7℄), who also gave an example
where this inequality beomes an equality. It is showed in the already ited paper [20℄, that M -
spaes, L-spaes and their isometri preduals, have numerial index 1, a property shared by the
disk algebra (M. Crab, J. Dunan, and C. MGregor [16, Theorem 3.3℄). Finally, let us mention
that the real spae XR underlying a omplex Banah spae X satises n(XR) = 0; atually, the
isometry x 7−→ i x has numerial radius 0 when viewed as an operator on XR.
In the last ten years, many results on the numerial index of Banah spaes have appeared in
the literature. This paper aims at reviewing the state of the art on this topi and proposing a
variety of open questions. The struture of our disussion is as follows.
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We nish this introdution by realling some denitions and xing notation. We write T to
denote the unit sphere of the base eld K (= R or C). We use the notation Re( · ) to denote
the real part funtion, whih should be onsidered as the identity when K = R. Given a real or
omplex Banah spae X , we write co(B) and co(B) to denote, respetively, the onvex hull and
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the losed onvex hull of a set B ⊆ X and we denote by ext(C) the set of extreme points of a
onvex set C ⊆ X . A subset A of BX∗ is said to be norming (for X) if
‖x‖ = sup{|x∗(x)| : x∗ ∈ A} (x ∈ X)
or, equivalently, if BX∗ = co
w∗(TA) (Hahn-Banah Theorem). Finally, for 1 6 p 6 ∞, we write
ℓmp to denote the normed spae K
m
endowed with the usual p-norm, and we write X⊕pY to denote
the ℓp-diret sum of the spaes X and Y .
1. Computing the numerial index
In view of the examples given in the introdution, the most important family of lassial Banah
spaes (in the sense of H. Laey [47℄) whose numerial indies remain unknown is the family of Lp
spaes when p 6= 1, 2,∞. This is atually one of the most intriguing open problems in the eld
but, very reently, E. Ed-Dari and M. Khamsi [21, 22℄ have made some progress. We summarize
their results in the following statement and use it to motivate some onjetures.
Theorem 1 ([21, 22℄). Let 1 6 p 6∞ be xed. Then,
(a) n(Lp[0, 1]) = n(ℓp) = inf{n(ℓmp ) : m ∈ N}, and the sequene {n(ℓmp )}m∈N is dereasing.
(b) n(Lp(µ)) > n(ℓp) for every positive measure µ.
() In the real ase,
1
2
Mp 6 n(ℓ
2
p) 6Mp, where Mp = sup
t∈[0,1]
|tp−1 − t|
1 + tp
.
When p 6= 2, it is known that n(ℓmp ) > 0 for every m > 2, and also that v(T ) > 0 for every non-
null T ∈ L(ℓp) (see [22, Theorem 2.3 and subsequent remark℄), but we do not know if n(ℓp) > 0.
Observe that a positive answer to this question implies, thanks to (b) above, that n(Lp(µ)) > 0
for every positive measure µ.
Problem 1. Is n(ℓp) positive for every p 6= 2?
With respet to item () in the above theorem, let us explain the meaning of the numberMp. It
an be dedued from [20, 3℄ that, given an operator T ∈ L(ℓ2p) represented by the matrix
(
a b
c d
)
,
one has
v(T ) = max

maxt∈[0,1]
z∈T
∣∣a+ d tp + z b t+ z c tp−1∣∣
1 + tp
, max
t∈[0,1]
z∈T
∣∣d+ a tp + z c t+ z b tp−1∣∣
1 + tp

 .(2)
It follows that Mp is equal to the numerial radius of the norm-one operator U ≡
(
0 1
−1 0
)
in
L(ℓ2p) (real ase), so n(ℓ
2
p) 6Mp. For p = 2, the operator U has minimum numerial radius, namely
0. We may ask if U is also the norm-one operator with minimum numerial radius for all the real
spaes ℓ2p.
Problem 2. Is it true that, in the real ase, n(ℓ2p) = sup
t∈[0,1]
|tp−1 − t|
1 + tp
for every 1 < p <∞?
In the omplex ase, the operator U ating on ℓ22 satises v(U) = ‖U‖ (take z = i and t = 1 in
(2)) and, therefore, its numerial radius is not the minimum. Atually, one has
n(ℓ22) =
1
2
= v(S),
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where S ∈ L(ℓ22) is the `shift' S ≡
(
0 0
1 0
)
. Therefore, we bet that n(ℓ2p) = v(S) for every p in the
omplex ase. It an be heked from (2) that
v(S) =
(p− 1) p−1p
p
=
1
p
1
p q
1
q
,
where
1
p
+ 1
q
= 1.
Problem 3. Is it true that, in the omplex ase, n(ℓ2p) =
1
p
1
p q
1
q
for every 1 < p <∞?
In view of Theorem 1.a, the two-dimensional ase is only the rst step in the omputation of
n(ℓp), but it is reasonable to expet that the sequene {n(ℓmp )}m∈N is always onstant, as it happens
in the ases p = 1, 2,∞.
Problem 4. Is it true that n(ℓp) = n(ℓ
2
p) for every 1 < p <∞?
In a 1977 paper [35℄, T. Huruya determined the numerial index of a C∗-algebra. Part of the
proof was reently laried by A. Kaidi, A. Morales, and A. Rodríguez-Palaios in [45℄, where the
result is extended to JB∗-algebras and preduals of JBW ∗-algebras. Let us state here those results
just for C∗-algebras and preduals of von Neumann algebras.
Theorem 2 ([35℄ and [45, Proposition 2.8℄). Let A be a C∗-algebra. Then, n(A) is equal to 1 or
1
2 depending on whether or not A is ommutative. If A is atually a von Neumann algebra with
predual A∗, then n(A∗) = n(A).
We do not know if there is an analogous result in the real ase. We reall that a real C∗-algebra
an be dened as a norm-losed self-adjoint real subalgebra of a omplex C∗-algebra, and a real
W ∗-algebra (or real von Neumann algebra) is a real C∗-algebra whih admits a predual (see [36℄
for more information).
Problem 5. Compute the numerial index of real C∗-algebras and isometri preduals of real W ∗-
algebras.
The fat that the disk algebra has numerial index 1 was extended to funtion algebras by
D. Werner in 1997 [82℄. A funtion algebra A on a ompat Hausdor spaeK is a losed subalgebra
of C(K) whih separates the points of K and ontains the onstant funtions.
Proposition 1 ([82, Corollary 2.2 and proof of Theorem 3.3℄). If A is a funtion algebra, then
n(A) = 1.
Of ourse, there are many other Banah spaes whose numerial index is unknown. We propose
to alulate some of them.
Problem 6. Compute the numerial index of Cm[0, 1] (the spae of m-times ontinuously dier-
entiable real funtions on [0, 1], endowed with any of its usual norms), Lip(K) (the spae of all
Lipshitz funtions on the omplete metri spae K), Lorentz spaes, and Orliz spaes.
Some of the lassial results given in the introdution about the numerial index of partiular
spaes have been extended to sums of families of Banah spaes and to spaes of vetor-valued
funtions in various papers by G. López, M. Martín, J. Merí, R. Payá, and A. Villena [52, 62, 64℄.
We start by presenting the result for sums of spaes. Given an arbitrary family {Xλ : λ ∈ Λ}
of Banah spaes, we denote by [⊕λ∈ΛXλ]c0 , [⊕λ∈ΛXλ]ℓ1 and [⊕λ∈ΛXλ]ℓ∞ the c0-, ℓ1- and ℓ∞-sum
of the family.
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Proposition 2 ([62, Proposition 1℄). Let {Xλ : λ ∈ Λ} be a family of Banah spaes. Then
n
(
[⊕λ∈ΛXλ]c0
)
= n
(
[⊕λ∈ΛXλ]ℓ1
)
= n
(
[⊕λ∈ΛXλ]ℓ∞
)
= inf
λ
n(Xλ).
The above result is not true for ℓp-sums if p is dierent from 1 and∞. Nevertheless, it is possible
to give one inequality and, atually, the same is true for absolute sums [56℄. Reall that a diret
sum Y ⊕Z is said to be an absolute sum if ‖y+z‖ only depends on ‖y‖ and ‖z‖ for (y, z) ∈ Y ×Z.
For bakground on absolute sums the reader is referred to [66℄ and referenes therein.
Proposition 3 ([56, Proposiión 1℄). Let X be a Banah spae and let Y , Z be losed subspaes of
X. Suppose that X is the absolute sum of Y and Z. Then
n(X) 6 min
{
n(Y ), n(Z)
}
.
The following somehow surprising example was obtained in [62℄ by using Proposition 2.
Example 1 ([62, Example 2.b℄). There is a real Banah spae X for whih the numerial radius
is a norm but is not equivalent to the operator norm, i.e. the numerial index of X is 0 although
v(T ) > 0 for every non-null T ∈ L(X).
The numerial index of some vetor-valued funtion spaes was also omputed in [52, 62, 64℄.
Given a real or omplex Banah spae X and a ompat Hausdor topologial spae K, we write
C(K,X) and Cw(K,X) to denote, respetively, the spae of X-valued ontinuous (resp. weakly
ontinuous) funtions on K. If µ is a positive σ-nite measure, by L1(µ,X) and L∞(µ,X) we
denote respetively the spae of X-valued µ-Bohner-integrable funtions and the spae of X-
valued µ-Bohner-measurable funtions whih are essentially bounded.
Theorem 3 ([52℄, [62℄, and [64℄). Let K be a ompat Hausdor spae, and let µ be a positive
σ-nite measure. Then
n(Cw(K,X)) = n(C(K,X)) = n(L1(µ,X)) = n(L∞(µ,X)) = n(X)
for every Banah spae X.
The numerial index of Cw∗(K,X
∗), the spae of X∗-valued weakly-star ontinuous funtions
on K is also studied in [52℄. Unfortunately, only a partial result is ahieved.
Proposition 4 ([52, Propositions 5 and 7℄ ). Let K be a ompat Hausdor spae and let X be a
Banah spae. Then
n(Cw∗(K,X
∗)) 6 n(X).
If, in addition, X is an Asplund spae or K has a dense subset of isolated points, then
n(X∗) 6 n(Cw∗(K,X
∗)).
To nish this setion let us omment that, roughly speaking, when one nds an expliit ompu-
tation of the numerial index of a Banah spae in the literature only few values appear; namely,
0 (real Hilbert spaes), e−1 (Glikfeld's example), 1/2 (omplex Hilbert spaes), and 1 (C(K),
L1(µ), and many more). The preeding results about sums and vetor-valued funtion spaes do
not help so muh, and the exat values of n(ℓ2p) are not still known. Let us also say that, when the
authors of [20℄ prove (1), they only use examples of Banah spaes whose numerial indies are the
extremes of the intervals, and then a onnetedness argument is applied. Very reently, M. Martín
and J. Merí have partially overed this gap in [59℄, where they expliitly ompute the numerial
index for four families of norms on R2. The most interesting one is the family of regular polygons.
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Proposition 5 ([59, Theorem 5℄). Let n > 2 be a positive integer, and let Xn be the two-dimensional
real normed spae whose unit ball is the onvex hull of the (2n)th roots of unity, i.e. BXn is a regular
2n-polygon entered at the origin and suh that one of its verties is (1, 0). Then,
n(Xn) =


tan
( π
2n
)
if n is even,
sin
( π
2n
)
if n is odd.
Problem 7. Compute the numerial index for other families of nite-dimensional Banah spaes.
In partiular, it would be interesting to get the omplex analog of the results in [59℄.
2. Numerial index and duality
Given a bounded linear operator T on a Banah spae X , it is a well-known fat in the theory
of numerial ranges (see [9, 9℄) that
(3) supReV (T ) = lim
α↓0
‖Id + αT ‖ − 1
α
and so
v(T ) = max
ω∈T
lim
α↓0
‖Id + αω T ‖ − 1
α
.
It is immediate from the above formula that
(4) v(T ) = v(T ∗),
where T ∗ ∈ L(X∗) is the adjoint operator of T , and the result given in [20, Proposition 1.3℄ that
(5) n(X∗) 6 n(X)
learly follows. The question if this is atually an equality had been around from the beginning
of the subjet (see [46, pp. 386℄, for instane). Let us omment some partial results whih led to
think that the answer ould be positive. Namely, it is lear that n(X) = n(X∗) for every reexive
spae X , and this equality also holds whenever n(X∗) = 1 , in partiular when X is an L- or an
M -spae. Moreover, it is also true that n(X) = n(X∗) when X is a C∗-algebra or a von Neumann
algebra predual (Theorem 2).
Nevertheless, in a very reent paper [12℄, K. Boyko, V. Kadets, M. Martín, and D. Werner have
answered the question in the negative by giving an example of a Banah spae whose numerial
index is stritly greater than the numerial index of its dual. Our aim in this setion is to present
suh ounterexample with a new and more diret proof.
As usual, c denotes the Banah spae of all onvergent salar sequenes x = (x(1), x(2), . . .)
equipped with the sup-norm. The dual spae of c is (isometri to) ℓ1 and we will write c
∗ ≡ ℓ1⊕1K
where
〈(y, λ) , x〉 =
∞∑
n=1
y(n)x(n) + λ limx
(
x ∈ c, (y, λ) ∈ ℓ1 ⊕1 K
)
.
For every n ∈ N, we denote by e∗n the norm-one element of c∗ given by
e∗n(x) = x(n)
(
x ∈ c).
We are now ready to show that the numerial index of a Banah spae and the one of its dual do
not always oinide.
Example 2 ([12, Example 3.1℄). Let us onsider the Banah spae
X =
{
(x, y, z) ∈ c⊕∞ c⊕∞ c : limx+ lim y + lim z = 0
}
.
Then, n(X) = 1 and n(X∗) < 1.
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Proof. We observe that
X∗ =
[
c∗ ⊕1 c∗ ⊕1 c∗
]
/〈(lim, lim, lim)〉
so that, writing Z = ℓ31/〈(1, 1, 1)〉, we an identify
(6) X∗ ≡ ℓ1 ⊕1 ℓ1 ⊕1 ℓ1 ⊕1 Z and X∗∗ ≡ ℓ∞ ⊕∞ ℓ∞ ⊕∞ ℓ∞ ⊕∞ Z∗.
Figure 1. The unit ball of Z
With this in mind, we write A to denote the set
{(e∗n, 0, 0, 0) : n ∈ N} ∪ {(0, e∗n, 0, 0) : n ∈ N} ∪ {(0, 0, e∗n, 0) : n ∈ N}.
Then A is learly a norming subset of SX∗ and
(7) |x∗∗(a∗)| = 1 (x∗∗ ∈ ext(BX∗∗), a∗ ∈ A).
Let us prove that n(X) = 1. Indeed, we x T ∈ L(X) and ε > 0. Sine T ∗ is w∗-ontinuous and
A is norming, we may nd a∗ ∈ A suh that
‖T ∗(a∗)‖ > ‖T ‖ − ε.
Now, we take x∗∗ ∈ ext(BX∗∗) suh that
|x∗∗(T ∗(a∗))| = ‖T ∗(a∗)‖.
Sine |x∗∗(a∗)| = 1 thanks to (7), we get
v(T ) = v(T ∗) > |x∗∗(T ∗(a∗))| > ‖T ‖ − ε.
It learly follows that v(T ) = ‖T ‖ and n(X) = 1.
To show that n(X∗) < 1, we use (6) and Proposition 2 to get
n(X∗) 6 n(Z),
and the fat that n(Z) < 1 follows easily from a result due to C. MGregor [65, Theorem 3.1℄.
Atually, in the real ase, the unit ball of Z is an hexagon (see Figure 1 above), whih is isometrially
isomorphi to the spae X3 of Proposition 5, so n(Z) = 1/2. 
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The above example an be pushed forward, to produe even more striking ounterexamples.
Examples 3 ([12, Examples 3.3℄).
(a) There exists a real Banah spae X suh that n(X) = 1 and n(X∗) = 0.
(b) There exists a omplex Banah spae X satisfying that n(X) = 1 and n(X∗) = 1/e.
One we know that the numerial index of a Banah spae and the one of its dual may be
dierent, the question aries if two preduals of a given Banah spae have the same numerial
index. By a predual of a Banah spae Y we mean a Banah spae X suh that X∗ is (isometrially
isomorphi to) Y . The answer is again negative, as the following result shows.
Example 4 ([12, Example 3.6℄). Let us onsider the Banah spaes
X1 =
{
(x, y, z) ∈ c⊕∞ c⊕∞ c : limx+ lim y + lim z = 0
}
and
X2 =
{
(x, y, z) ∈ c⊕∞ c⊕∞ c : x(1) + y(1) + z(1) = 0
}
.
Then, X∗1 and X
∗
2 are isometrially isomorphi, but n(X1) = 1 and n(X2) < 1.
The following question might also be addressed.
Problem 8. Let Y be a dual spae. Does there exist a predual X of Y suh that n(X) = n(Y )?
Another interesting issue ould be to nd isomorphi properties of a Banah spae X ensuring
that n(X∗) = n(X). On the one hand, Example 2 shows that Asplundness is not suh a property.
On the other hand, it is shown in [12, Proposition 4.1℄ that if a Banah spae X with the Radon-
Nikodým property has numerial index 1, then X∗ has numerial index 1 as well. Therefore, the
following question naturally arises.
Problem 9. Let X be a Banah spae with the Radon-Nikodým property. Is it true that n(X) =
n(X∗)?
Another suient ondition would follow from a positive answer to Problem 8.
Problem 10. Let Y be a dual spae admitting a unique predual X (up to isometri isomorphisms).
Is it true that n(Y ) = n(X)?
Let us nish this setion by remarking that the spae given in Example 2 is useful as a oun-
terexample for many other onjetures, as we will see later on.
3. Banah spaes with numerial index one
The guiding open question on these spaes is the following.
Problem 11. Find neessary and suient onditions for a Banah spae to have numerial index 1
whih do not involve operators.
In 1971, C. MGregor [65, Theorem 3.1℄ gave suh a haraterization in the nite-dimensional
ase. More onretely, a nite-dimensional normed spae X has numerial index 1 if and only if
(8) |x∗(x)| = 1 for every x ∈ ext(BX) and every x∗ ∈ ext(BX∗).
It is not lear how to extend this result to arbitrary Banah spaes. If we use literally (8) in
the innite-dimensional ontext, we do not get a suient ondition, sine the set ext(BX) may
be empty and this does not imply numerial index 1 (e.g. ext(Bc0(ℓ2)) = ∅ but n(c0(ℓ2)) < 1). On
the other hand, we do not know if (8) is a neessary ondition.
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Problem 12. Let X be a Banah spae with numerial index 1. Is it true that |x∗(x)| = 1 for every
x∗ ∈ ext(BX∗) and every x ∈ ext(BX)?
Our rst aim in this setion is to disuss several reformulations of assertion (8) to get either
suient or neessary onditions for a Banah spae to have numerial index 1.
Aiming at suient onditions, it is not diult to show that (8) implies numerial index 1 for
a Banah spae X as soon as the set ext(BX) is large enough to determine the norm of operators
on X , i.e. BX = co(ext(BX)). Atually, we may replae ext(BX) with any subset of SX satisfying
the same property. On the other hand, we may replae ext(BX) by ext(BX∗∗) and the role of
ext(BX∗) an be played by any norming subset of SX∗ . Let us omment that this is is what we
did in the proof of Example 2. All these ideas appear impliity in several papers (see [53, 57, 58℄
for example); we summarize them in the following proposition.
Proposition 6. Let X be a Banah spae. Then, any of the following three onditions is suient
to ensure that n(X) = 1.
(a) There exists a subset C of SX suh that co(C) = BX and
|x∗(c)| = 1
for every x∗ ∈ ext(BX∗) and every c ∈ C.
(b) |x∗∗(x∗)| = 1 for every x∗∗ ∈ ext(BX∗∗) and every x∗ ∈ ext(BX∗).
() There exists a norming subset A of SX∗ suh that
|x∗∗(a∗)| = 1
for every x∗∗ ∈ ext(BX∗∗) and every a∗ ∈ A.
Let us omment on the onverse of the above result. First, ondition (a) is not neessary as
shown by c0. Seond, it was proved in [12, Example 3.4℄ that ondition (b) is not neessary either,
the ounterexample being the spae given in Example 2. Finally, we do not know if there exists a
Banah with numerial index 1 in whih ondition () is not satised.
Problem 13 ([12, Remark 3.5℄). Let X be a Banah spae with numerial index 1. Does there exist
a norming subset A of SX∗ suh that |x∗∗(a∗)| = 1 for every x∗∗ ∈ ext(BX∗∗) and every a∗ ∈ A?
Neessary onditions in the spirit of MGregor's result were given in 1999 by G. López, M. Martín,
and R. Payá [53℄. Their key idea was onsidering denting points instead of general extreme points.
Reall that x0 ∈ BX is said to be a denting point of BX if it belongs to slies of BX with arbitrarily
small diameter. If X is a dual spae and the slies an be taken to be dened by weak∗-ontinuous
funtionals, then we say that x0 is a weak
∗
-denting point.
Proposition 7 ([53, Lemma 1℄). Let X be a Banah spae with numerial index 1. Then,
(a) |x∗(x)| = 1 for every x∗ ∈ ext(BX∗) and every denting point x ∈ BX .
(b) |x∗∗(x∗)| = 1 for every x∗∗ ∈ ext(BX∗∗) and every weak∗-denting point x∗ ∈ BX∗ .
This result will play a key rolle in the next setion.
Let us omment that, like MGregor original result, the onditions in Proposition 7 are not
suient in the innite-dimensional ontext. Indeed, the spae X = C([0, 1], ℓ2) does not have
numerial index 1, while BX has no denting points and there are no w
∗
-denting points in BX∗ .
Atually, all the slies of BX and the w
∗
-slies of BX∗ have diameter 2 (see [43, Lemma 2.2 and
Example on p. 858℄, for instane).
Anyhow, if we have a Banah spae X suh that BX has enough denting points (if X has the
Radon-Nikodým property, for instane), then item (a) in the above proposition ombines with
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Proposition 6 to haraterize the numerial index 1 for X . The same is true for item (b) when
BX∗ has enough weak
∗
-denting points (if X is an Asplund spae, for instane).
Corollary 1 ([57, Theorem 1℄ and [58, 1℄). Let X be a Banah spae.
(a) If X has the Radon-Nikodým property, then the following are equivalent:
(i) X has numerial index 1.
(ii) |x∗(x)| = 1 for every x∗ ∈ ext(BX∗) and every denting point x of BX .
(iii) |x∗∗(x∗)| = 1 for every x∗∗ ∈ ext(BX∗∗) and every x∗ ∈ ext(BX∗).
(b) If X is an Asplund spae, then the following are equivalent:
(i) X has numerial index 1.
(ii) |x∗∗(x∗)| = 1 for every x∗∗ ∈ ext(BX∗∗) and every weak∗-denting point x∗ ∈ BX∗ .
In the remaining part of this setion we disuss other kind of suient onditions for a Banah
spae to have numerial index 1.
The eldest of these properties was introdued in the fties by O. Hanner [30℄: a real Banah
spae has the intersetion property 3.2 (3.2.I.P. in short) if every olletion of three mutually
interseting losed balls has nonempty intersetion. The 3.2.I.P. was systematially studied by
J. Lindenstrauss [50℄ and Å. Lima [48℄, and typial examples of spaes with this property are
L1(µ) and their isometri preduals. Real Banah spaes with the 3.2.I.P. have numerial index 1
sine they full Proposition 6.b (see [48, Corollary 3.3℄ and [50, Theorem 4.7℄). The onverse is
false even in the nite-dimensional ase (see [30, Remark 3.6℄ and [50, p. 47℄).
Another isometri property, weaker than the 3.2.I.P. but still ensuring numerial index 1, was
introdued by R. Fullerton in 1960 [24℄. A real or omplex Banah spae is said to be a CL-spae
if its unit ball is the absolutely onvex hull of every maximal onvex subset of the unit sphere. If
the unit ball is merely the losed absolutely onvex hull of every maximal onvex subset of the
unit sphere, we say that the spae is an almost-CL-spae (J. Lindenstrauss [50℄ and Å. Lima [49℄).
Both denitions appeared only for real spaes, but they extend literally to the omplex ase. For
general information, we refer to the already ited papers [48, 49, 50℄; more reent results an be
found in [63, 71℄. Let us remark that the omplex spae ℓ1 is an almost-CL-spae whih is not a
CL-spae [63, Proposition 1℄, but we do not know if suh an example exists in the real ase.
Problem 14. Is there any real almost-CL-spae whih is not a CL-spae?
The fat that CL-spaes have numerial index 1 was observed by M. Aosta [1℄, and her proof
extends easily to almost-CL-spaes (see [55, Proposition 12℄). Atually, almost-CL-spaes full
ondition () of Proposition 6 as shown in [63, Lemma 3℄. In the onverse diretion, the basi
examples of Banah spaes with numerial index 1 are known to be almost-CL-spaes (see [63℄ and
[10, Theorem 32.9℄). Moreover, all nite-dimensional spaes with numerial index 1 are CL-spaes
[49, Corollary 3.7℄, and a Banah spae with the Radon-Nikodým property and numerial index 1
is an almost-CL-spae [57, Theorem 1℄. Nevertheless, Banah spaes with numerial index 1 whih
are no almost-CL-spaes have been reently found. Atually, this happens with the spae given in
Example 2 [12, Example 3.4℄.
The last ondition we would like to mention is a weakening of the onept of almost-CL-spae
introdued in [12℄. A Banah spae X is said to be lush if for every x, y ∈ SX and every ε > 0,
there exists y∗ ∈ SY ∗ suh that
y ∈ S(BX , y∗, ε) := {z ∈ BX : Re y∗(z) > 1− ε}
and
dist
(
x, co
(
TS(BX , y
∗, ε)
))
< ε.
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In the real ase, the above denition is equivalent to the following one: for every x, y ∈ SX and
every ε > 0, there exist z ∈ SX and γ1, γ2 ∈ R suh that
‖y + z‖ > 2− ε, |γ1 − γ2| = 2, ‖x+ γi z‖ 6 1 + ε (i = 1, 2).
See Figure 2 below for an interpretation of this property in dimension 2.
y
z
x
x + γ1z
x + γ2z
Figure 2. ℓ2
∞
is lush
Almost-CL-spaes are learly lush, and lush spaes have numerial index 1 [12, Proposition 2.2℄.
The onverse of the rst impliation is not true, and one again the ounterexample is the spae
X given in Example 2: as we already mentioned, X is not an almost-CL-spae, but the original
proof given in [12, Example 3.1℄ of the fat that n(X) = 1 passes through the lushness of the spae.
Atually, this example is only a speimen of a general family of lush subspaes of C(K) introdued
in [12℄, namely C-rih subspaes. A subspae X of C(K) is C-rih if for every nonempty open
subset U of K and every ε > 0, there is a positive ontinuous norm-one funtion h with support
inside U , suh that the distane from h to X is less than ε.
Theorem 4 ([12, Theorem 2.4℄). Let K be a Hausdor topologial spae and let X be a C-rih
subspae of C(K). Then, X is lush and, therefore, n(X) = 1.
In partiular, this ours for nite odimensional subspaes of C(K) when K has no isolated
points. Atually, the following result haraterizes C-rih nite-odimensional subspaes of an
arbitrary C(K). We reall that the support of a regular measure µ ∈ C(K)∗ is
supp(µ) =
⋂
{C ⊂ K : C losed, |µ|(K \ C) = 0} .
Example 5 ([12, Proposition 2.5℄). Let K be a ompat Hausdor spae and µ1, . . . , µn ∈ C(K)∗.
The subspae
Y =
n⋂
i=1
kerµi
is C-rih if and only if
⋃n
i=1 supp(µi) does not interset the set of isolated points of K.
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We do not know if the lass of lush spaes exhausts the whole lass of Banah spaes with
numerial index 1.
Problem 15. Let X be a Banah spae with n(X) = 1. Is X lush?
4. Renorming and numerial index
In 2003, C. Finet, M. Martín, and R. Payá [23℄ studied the numerial index from the isomorphi
point of view, i.e. they investigated the set N (X) of those values of the numerial index whih
an be obtained by equivalent renormings of a Banah spae X . This study has a preedent in
the 1974 paper [78℄ by K. Tillekeratne, where it is proved that every omplex spae of dimension
greater than one an be renormed to ahieve the minimum value of the numerial index; the same
is true for real spaes.
Proposition 8 ([23, Proposition 1℄ and [78, Theorem 3.1℄). Let X be a Banah spae of dimension
greater than one. Then 0 ∈ N (X) in the real ase, e−1 ∈ N (X) in the omplex ase.
One of the main aims of [23℄ is to show that N (X) is a interval for every Banah spae X . To
get this result, the authors use the ontinuity of the mapping arrying every equivalent norm on
X to its numerial index with respet to a metri taken from [10, 18℄.
Proposition 9 ([23, Proposition 2℄). N (X) is an interval for every Banah spae X.
As an immediate onsequene of the above two results, we get the following.
Corollary 2 ([23, Corollary 3℄). If 1 ∈ N (X) for a Banah spae X of dimension greater than one,
then N (X) = [0, 1] in the real ase and N (X) = [e−1, 1] in the omplex ase.
Sine n(ℓm∞) = 1 for every m, the following partiular ase arises.
Corollary 3 ([78, Theorem 3.2℄). Let m be an integer larger than 1. Then
N (Rm) = [0, 1] and N (Cm) = [e−1, 1].
Now, one may ask if the above result is also true in the innite-dimensional ontext, equivalently,
whether or not every Banah spae an be equivalently renormed to have numerial index 1. The
answer is negative, as shown in the already ited paper [53℄.
Theorem 5 ([53, Theorem 3℄). Let X be an innite-dimensional real Banah spae with 1 ∈ N (X).
If X has the Radon-Nikodým property, then X ontains ℓ1. If X is an Asplund spae, then X
∗
ontains ℓ1.
It follows that innite-dimensional real reexive spaes annot be renormed to have numerial
index 1. But even more is true.
Corollary 4 ([53, Corollary 5℄). Let X be an innite-dimensional real Banah spae. If X∗∗/X is
separable, then 1 /∈ N (X).
It is easy to explain how Theorem 5 was proved in [53℄. Namely, the authors used Proposition 7,
the well-known fats that the unit ball of a spae with the Radon-Nikodým property has many
denting points and that the dual unit ball of an Asplund spae has many weak
∗
-denting points
(see [11℄, for instane), and the following suient ondition for a real Banah spae to ontain
either c0 or ℓ1.
Lemma 1 ([53, Proposition 2℄). Let X be a real Banah spae, and assume that there is an innite
set A ⊂ SX suh that |x∗(a)| = 1 for every a ∈ A and every x∗ ∈ ext(BX∗). Then X ontains c0
or ℓ1.
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Thus, the rst open question in this line is the following.
Problem 16. Charaterize those Banah spaes whih an be equivalently renormed to have nu-
merial index 1.
We propose to study separately neessary and suient onditions for a Banah spae to be
renormable with numerial index 1. With respet to neessary onditions, we have obtained two in
the real ase, namely Theorem 5 and Corollary 4. It is not known if they are valid in the omplex
ase; atually, the following espeial ase remains open.
Problem 17. Does there exist an innite-dimensional omplex reexive spae whih an be renormed
to have numerial index 1?
For more neessary onditions, we suggest to study the following two questions. The rst one
has a positive answer for real almost-CL-spaes [63, Theorem 5℄.
Problem 18. Let X be an innite-dimensional (real) Banah spae satisfying that 1 ∈ N (X). Does
X∗ ontain ℓ1?
Problem 19. Let X be an innite-dimensional (real) Banah spae satisfying that 1 ∈ N (X). Does
X ontain c0 or ℓ1?
Let us remark that we do not know of any non-trivial suient ondition for a Banah spae to
be renormable with numerial index 1. We propose the following ones to be heked.
Problem 20. Let X be a Banah spae ontaining an innite-dimensional subspae Y suh that
1 ∈ N (Y ). Is it true that 1 ∈ N (X)?
One may onsider many espeial ases.
Problem 21. Let X be a Banah spae ontaining a subspae isomorphi to either c0, ℓ1, C[0, 1],
or L1[0, 1]. Is it true that 1 ∈ N (X)?
The following question is espeially interesting sine in view of Problem 18 it might lead to a
haraterization of Banah spaes that an be renormed to have numerial index 1.
Problem 22. Let X be a Banah spae suh that ℓ1 ⊆ X∗. Is is true that 1 ∈ N (X)?
We nish this setion by showing that the value 1 of the numerial index is very partiular.
Indeed, it is proved in [23℄ that most Banah spaes an be renormed to ahieve any possible
value for the numerial index exept eventually 1. Reall that a system {(xλ, x∗λ)}λ∈Λ ⊂ X ×X∗
is said to be biorthogonal if x∗λ(xµ) = δλ,µ for λ, µ ∈ Λ, and long if the ardinality of Λ oinides
with the density harater of X .
Theorem 6 ([23, Theorem 10℄). Let X be a Banah spae admitting a long biorthogonal system.
Then supN (X) = 1. Therefore, when the dimension of X is greater than one, N (X) ⊃ [0, 1[ in
the real ase and N (X) ⊃ [e−1, 1[ in the omplex ase.
Typial examples of Banah spaes admitting a long biorthogonal system are WCG spaes (see
[18℄). For instane, if X∗∗/X is separable, then the Banah spae X is WCG (see [80, Theorem 3℄,
for example) while, in the real ase, 1 /∈ N (X) unless X is nite-dimensional (see Corollary 4).
Therefore, in many ases one of the inlusions of Theorem 6 beomes an equality.
Corollary 5 ([23, Corollary 11℄). Let X be an innite-dimensional real Banah spae suh that
X∗∗/X is separable. Then N (X) = [0, 1[.
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Let us omment that Theorem 6 is proved by using a geometrial property that was intro-
dued by J. Lindenstrauss in the study of norn-attaining operators [51℄ and alled property α by
W. Shahermayer [75℄. It is known that, under the ontinuum hypothesis, there are Banah
spaes whih annot be renormed with property α [27, 67℄. Nevertheless, B. Godun and S. Troy-
anski proved in [27, Theorem 1℄ that this renorming is possible for Banah spaes admitting a long
biorthogonal system; as far as we know, this is the largest lass of spaes for whih renorming with
property α is possible.
The question arises if the assumption of having a long biorthogonal system in Theorem 6 an
be dropped.
Problem 23. Is is true that supN (X) = 1 for every Banah spae X?
It is also studied in [23℄ the relationship between the numerial index and the so-alled property
β [51, 75℄. Contrary to property α, property β is isomorphially trivial (J. Partington [69℄), but it
does not produe suh a good result as Theorem 6. At least, it an be used to prove that N (X)
does not redues to a point when the dimension of X is greater than one.
Theorem 7 ([23, Theorem 9℄). Let X be a Banah spae with dim(X) > 1. Then N (X) ⊃ [0, 1/3[
in the real ase and N (X) ⊃ [e−1, 1/2[ in the omplex ase.
5. Real Banah spaes with numerial index zero
As we ommented in the introdution, real Banah spaes underlying omplex Banah spaes as
well as real Hilbert spaes of dimension greater than one, have numerial index 0. By Proposition 3,
the absolute sum of suh a spae and any other real Banah spae has numerial index 0.
The general open question in this setion is the following.
Problem 24. Find haraterizations of Banah spaes with numerial index 0 whih do not involve
operators.
A suient ondition whih generalizes all the introdutory examples is the following easy result
of M. Martín, J. Merí and A. Rodríguez Palaios [60℄. We say that a real vetor spae has a omplex
struture if it is the real spae underlying a omplex vetor spae.
Proposition 10 ([60, Proposition 2.1℄). Let X be a real Banah spae, and let Y, Z be losed sub-
spaes of X, with Z 6= 0. Suppose that Z is endowed with a omplex struture, that X = Y ⊕ Z,
and that the equality
∥∥y + eiρz∥∥ = ‖y + z‖ holds for every (ρ, y, z) ∈ R× Y × Z. Then n(X) = 0.
It looks like if a neessary ondition for numerial index 0 ould be the emergene of a subspae
with some kind of omplex struture. As a matter of fat, the following example shows that this
is not the ase.
Example 6 ([60, Example 2.2℄). There exists a real Banah spae X with numerial index 0 whih
is polyhedral, i.e. the intersetion of BX with any nite-dimensional subspae of X is the onvex
hull of a nite set of points. Therefore, X does not ontain any isometri opy of C.
The above example has the additional interest that the numerial radius is a norm on L(X), i.e.
the only operator with numerial radius 0 is the zero operator. It ould be the ase that a Banah
spae in whih there is a non-null operator with numerial radius 0 has a subspae with some kind
of omplex struture. We reall that a bounded linear operator T on a (real or omplex) Banah
spae X is skew-hermitian if ReV (T ) = {0}; we write Z(X) for the (possibly null) losed subspae
of L(X) onsisting of skew-hermitian operators on X . In the real ase, T is skew-hermitian if and
only if v(T ) = 0; when the spae X is omplex, an operator T is hermitian if V (T ) ⊂ R, i.e. the
operator i T is skew-hermitian. Hermitian operators have been deeply studied sine the sixties and
NUMERICAL INDEX OF BANACH SPACES 15
many results on Banah algebras depend on them; we refer to [9, 10℄ for more information. Also,
skew-hermitian operators have been widely disussed in the seventies and eighties, espeially in
the nite-dimensional ase; more information an be found in the papers by H. Rosenthal [73, 74℄
and referenes therein.
Problem 25. Let X be a real spae whih has a non-null skew-hermitian operator. Does X ontain
a subspae with a omplex struture?
Let us give a larifying example. If H is a n-dimensional Hilbert spae, it is easy to hek that
Z(H) is the spae of skew-symmetri operators on H (i.e. T ∗ = −T in the Hilbert spae sense), so
it identies with the spae of skew-symmetri matrixes A(n). It is a lassial result from the theory
of linear algebra that a n × n matrix A belongs to A(n) if and only if exp(ρA) is an orthogonal
matrix for every ρ ∈ R (see [3, Corollary 8.5.10℄ for instane).
It is shown in [9, 3℄ that the above fat extends to general Banah spaes. Indeed, for an
arbitrary Banah spae X and an operator T ∈ L(X), by making use of the exponential formula
supReV (T ) = sup
α>0
log ‖ exp(αT )‖
α
,
it is easy to prove that the following are equivalent:
(i) T is skew-hermitian,
(ii) exp(ρT ) is an onto isometry for every ρ ∈ R.
From now on, we will restrit ourselves to nite-dimensional spaes. Here, the above result
reminds the theory of Lie groups and Lie algebras, for whih the group of orthogonal matries and
the spae of skew-symmetri matries are distinguished examples. Atually, the group of all the
isometries on a nite-dimensional real spae X is a Lie group whose assoiated Lie algebra is Z(X)
[73, Theorem 1.4 and Proposition 1.5℄. With this in mind and using results from the theory of Lie
groups, it is proved in [73, Theorem 3.8℄ that the following are equivalent for a nite-dimensional
real spae X :
(i) the numerial index of X is 0,
(ii) there are innitely many isometries on X .
The main open question in this setion is the following.
Problem 26. Desribe the nite-dimensional real Banah spaes with numerial index 0.
The next result follows this line. In partiular, it shows that nite-dimensional normed spaes
with numerial index 0 wear some kind of omplex struture.
Theorem 8 ([73, Corollary 3.7℄ and [60, Theorem 2.4℄). Let X be a nite-dimensional real Banah
spae. Then, the following are equivalent:
(i) The numerial index of X is zero.
(ii) There are nonzero omplex vetor spaes X1, . . . , Xm, a real vetor spae X0, and positive
integer numbers q1, . . . , qm suh that X = X0 ⊕X1 ⊕ · · · ⊕Xm and∥∥x0 + eiq1ρx1 + · · ·+ eiqmρxm∥∥ = ‖x0 + x1 + · · ·+ xm‖
for all ρ ∈ R, xj ∈ Xj (j = 0, 1, . . . ,m).
Some remarks are pertinent. First, the above result shows that a nite-dimensional spae with
numerial index 0 ontains omplex subspaes (at least one), whose omplex strutures are well
related one to the others and to the non-omplex part. Seond, the above result is taken literally
from the paper [60℄, but the same equivalene with arbitrary real numbers q1, . . . , qm had appeared
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in the 1985 Rosenthal's paper [73℄; the fat that the qj 's an be taken integers is new from [60℄
and it uses the lassial Kroneker's Approximation Theorem (see [32, Theorem 442℄ for instane).
Third, it an be asked if the number of omplex spaes in the theorem an be redued to one, and
so Proposition 10 would be an equivalene in the nite-dimensional ase. The answer is negative.
Example 7 ([60, Example 2.8℄). The spae R4 with norm
‖(a, b, c, d)‖ = 1
4
∫ 2π
0
∣∣Re (e2it(a+ ib) + eit(c+ id))∣∣ dt (a, b, c, d ∈ R)
has numerial index 0, but the number of omplex spaes in Theorem 8.ii annot be redued to one.
Suh an example as the above is not possible in dimensions two or three. Atually, in this ase,
Theorem 8 takes a more suitable form [73, Theorem 3.1℄. Let X be a real Banah spae with
numerial index 0.
(a) If dim(X) = 2, then X is isometrially isomorphi to the two-dimensional real Hilbert
spae.
(b) If dim(X) = 3, then X is an absolute sum of R and the two-dimensional real Hilbert spae.
Our next aim is to disuss some questions related to the Lie algebra of skew-hermitian operators
Z(X) of an arbitrary n-dimensional spae whih. The main related open question is the following.
Problem 27. Figure out what are the possible values for the dimension of Z(X) when dim(X) = n.
Let us x a n-dimensional Banah spae X . It follows from a theorem of Auerbah [72, Theo-
rem 9.5.1℄, that there exists an inner produt (·|·) on X suh that every skew-hermitian operator
on X remains skew-hermitian (hene skew-symmetri) on H := (X, (·|·)). Then, by just xing an
orthonormal basis of H , we get an identiation of Z(X) with a Lie subalgebra of the Lie algebra
A(n). Therefore,
dim
(Z(X)) 6 n(n− 1)
2
.
The equality holds if and only if X is a Hilbert spae (see [73, Theorem 3.2℄ or [60, Corollary 2.7℄).
It is a good question whether or not all the intermediate numbers are possible values for the
dimension of Z(X). The answer is negative, as a onsequene of Theorem 3.2 in Rosenthal's paper
[73℄, whih reads as follows.
(a) If dim
(
Z(X)
)
> (n−1)(n−2)2 , then X is a Hilbert spae and so dim
(
Z(X)
)
= n(n−1)2 .
(b) dim
(
Z(X)
)
= (n−1)(n−2)2 if and only if X is a non-Eulidean absolute sum of R and a
Hilbert spae of dimension n− 1.
For low dimensions, Problem 27 has been solved in [74℄. When the dimension of X is 3, the above
result leaves only the following possible values for the dimension of Z(X): 0 as for X = ℓ3∞, 1 as
for R⊕1 C, and 3 as for ℓ32. When the dimension of X is 4, the possible values of the dimension of
Z(X) allowed by the above result are 0, 1, 2, 3, 6; all of them are possible [74, pp. 443℄. The rst
dimension in whih Problem 27 is open is n = 5.
Problem 28. What are the possible values for the dimension of Z(X) when X is a 5-dimensional
real Banah spae?
6. Asymptoti behavior of the set of finite-dimensional spaes with numerial
index one
Let us start the setion by realling that most of the suient and the neessary onditions for
having numerial index 1 given in setion 3 are atually haraterizations in the nite-dimensional
ase. For the onveniene of the reader, we summarize them in the following paragraph.
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Let X be a nite-dimensional real normed spae. Then, the following are
equivalent.
(i) X has numerial index 1.
(ii) |x∗(x)| = 1 for all the extreme points x∗ of BX∗ and x of BX .
(iii) X is a CL-spae, i.e. BX = co(F ∪ −F ) for every maximal onvex
subset F of SX .
(iv) X is lush, i.e. for every x, y ∈ SX , there are z ∈ SX and γ1, γ2 ∈ R
suh that ‖y + z‖ = 2, |γ1 − γ2| = 2, and ‖x+ γi z‖ 6 1 (i = 1, 2).
Our aim in this setion is to onsider the asymptoti behavior (as the dimension grows to innity)
of some parameters related to the Banah-Mazur distane for the family of nite-dimensional real
normed spaes with numerial index 1. Let us write Nm for the spae of all m-dimensional normed
spaes endowed with the Banah-Mazur distane
d(X,Y ) = inf{‖T ‖ ‖T−1‖ : T : X −→ Y isomorphism} (X,Y ∈ Nm),
and let us write Mm for the subset onsisting of those m-dimensional spaes with numerial
index 1. Our aim is to study some questions related to these two spaes. As far as we know, the
rst result of this kind was given very reently by T. Oikhberg [68℄.
Theorem 9 ([68, Theorem 4.1℄). There exists a universal positive onstant c suh that
d(X, ℓm2 ) > cm
1
4
for every m > 1 and every X ∈Mm.
It is well-known that d(ℓm1 , ℓ
m
2 ) = d(ℓ
m
∞, ℓ
m
2 ) =
√
m for every m > 1 (see [25, pp. 720℄ for
instane). Therefore, the following question arises naturally.
Problem 29. Does there exists a universal onstant c > 0 suh that
d(X, ℓm2 ) > c
√
m
for every m > 1 and every X ∈Mm?
It was observed in [68, pp. 622℄ that the answer to this question is positive for the spaes with
the 3.2.I.P., even with c = 1. This is a onsequene of the 1981 result by A. Hansen and Å. Lima
[31℄ that these spaes are onstruted starting from the real line and produing suessively ℓ∞
and/or ℓ1 sums. But, as we already mentioned, not every element of Mm has the 3.2.I.P.
Finally, we would like to propose some related questions.
Problem 30. What is the diameter of Mm? Is it (asymptotially) lose to the diameter of Nm?
Problem 31. What is the biggest possible distane from an element of Nm to the set Mm?
7. Relationship to the Daugavet property.
In every Banah spae with the Radon-Nikodým property (in partiular in every reexive spae)
the unit ball must have denting points. There are Banah spaes X (as C[0, 1], L1[0, 1], and many
others) with an extremely opposite property: for every x ∈ SX and for arbitrarily small ε > 0, the
losure of
co
(
BX \ (x+ (2− ε)BX)
)
equals to the whole BX (see Figure 3 below). This geometri property of the spae is equivalent
to the following exoti property of operators on X : for every ompat operator T : X −→ X , the
so-alled Daugavet equation
(DE) ‖Id + T ‖ = 1 + ‖T ‖
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x
BX \
(
x + (2− ε)BX
)
Figure 3. The spae ℓ2
∞
does not
have the Daugavet property
holds. This property of C[0, 1] was disovered by I. Daugavet in 1963 and is alled the Daugavet
property [42, 43℄. Over the years, the validity of the Daugavet equation was proved for some lasses
of operators on various spaes, inluding weakly ompat operators on C(K) and L1(µ) provided
that K is perfet and µ does not have any atoms (see [81℄ for an elementary approah), and on
ertain funtion algebras suh as the disk algebra A(D) or the algebra of bounded analyti funtions
H∞ [82, 84℄. In the nineties, new ideas were infused into this eld and the geometry of Banah
spaes having the Daugavet property was studied; we ite the papers of V. Kadets, R. Shvidkoy,
G. Sirotkin, and D. Werner [43℄ and R. Shvidkoy [77℄ as representatives. Let us omment that
the original denition of Daugavet property given in [42, 43℄ only required rank-one operators to
satisfy (DE) and, in suh a ase, this equation also holds for every bounded operator whih does
not x a opy of ℓ1 [77℄.
Although the Daugavet property is of isometri nature, it indues various isomorphi restri-
tions. For instane, a Banah spae with the Daugavet property ontains ℓ1 [43℄, it does not
have unonditional basis (V. Kadets [38℄) and, moreover, it does not isomorphially embed into
an unonditional sum of Banah spaes without a opy of ℓ1 [77℄. It is worthwhile to remark that
the latest result ontinues a line of generalization ([39℄, [41℄, [43℄) of the well known theorem by
A. Peªzy«ski [70℄ that L1[0, 1] (and so C[0, 1]) does not embed into a spae with unonditional
basis.
The state-of-the-art on the Daugavet property an be found in [83℄; for very reent results we
refer the reader to [5, 6, 37, 40, 44℄ and referenes therein.
Let us explain the relation between (DE) and the numerial range of an operator. In the
aforementioned paper [20℄ by J. Dunan, C. MGregor, J. Prye, and A. White, it was dedued
from formula (3) on page 6 that an operator T on a Banah spae X satises (DE) if and only if
supReV (T ) = ‖T ‖. Therefore, v(T ) = ‖T ‖ if and only the following equality holds
(aDE) max
ω∈T
‖Id + ω T ‖ = 1 + ‖T ‖
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(see [61, Lemma 2.3℄ for an expliit proof). Therefore, it was known sine 1970 that every bounded
linear operator on C(K) or L1(µ) satises (aDE), a fat that was redisovered and reproved in
some papers from the eighties and nineties as the ones by Y. Abramovih [2℄, J. Holub [34℄, and
K. Shmidt [76℄.
This latest equation was named as the alternative Daugavet equation by M. Martín and T.
Oikhberg in [61℄, where the following property was introdued. A Banah spae X is said to have
the alternative Daugavet property if every rank-one operator on X satises (aDE). In suh a ase,
every weakly ompat operator on X also satises (aDE) [61, Theorem 2.2℄. Therefore, X has
the alternative Daugavet property if and only if v(T ) = ‖T ‖ for every weakly ompat operator
T ∈ L(X).
Let us omment that, ontrary to the Daugavet property, this property depends upon the base
eld (e.g. C has it as a omplex spae but not as a real spae). For more information on the
alternative Daugavet property we refer to the already ited paper [61℄ and also to [58℄. From the
former one we take the following geometri haraterizations of the alternative Daugavet property.
Proposition 11 ([61, Propositions 2.1 and 2.6℄). Let X be a Banah spae. Then, the following are
equivalent.
(i) X has the alternative Daugavet property.
(ii) For all x0 ∈ SX , x∗0 ∈ SX∗ and ε > 0, there is some x ∈ SX suh that
|x∗0(x)| > 1− ε and ‖x+ x0‖ > 2− ε.
(ii∗) For all x0 ∈ SX , x∗0 ∈ SX∗ and ε > 0, there is some x∗ ∈ SX∗ suh that
|x∗(x0)| > 1− ε and ‖x∗ + x∗0‖ > 2− ε.
(iii) BX = co
(
T
[
BX \
(
x + (2 − ε)BX
)])
for every x ∈ SX and every ε > 0 (see Figure 4
below).
(iii∗) BX∗ = co
w∗
(
T
[
BX∗ \
(
x∗ + (2 − ε)BX∗
)])
for every x∗ ∈ SX∗ and every ε > 0.
(iv) BX∗⊕∞X∗∗ = co
w∗
({(x∗, x∗∗) : x∗ ∈ ext(BX∗), x∗∗ ∈ ext(BX∗∗), |x∗∗(x∗)| = 1}).
It is lear that both spaes with the Daugavet property and spaes with numerial index 1 have
the alternative Daugavet property. Both onverses are false: the spae c0 ⊕1 C([0, 1], ℓ2) has the
alternative Daugavet property but fails the Daugavet property and its numerial index is not 1
[61, Example 3.2℄. Nevertheless, under ertain isomorphi onditions, the alternative Daugavet
property fores the numerial index to be 1.
Proposition 12 ([53, Remark 6℄). Let X be a Banah spae with the alternative Daugavet property.
If X has the Radon-Nikodým property or X is an Asplund spae, then n(X) = 1.
With this result in mind, one realizes that the neessary onditions for a real Banah spae to
be renormed with numerial index 1 given in setion 4 (namely Theorem 5 and Corollary 4), an
be written in terms of the alternative Daugavet property. Even more, in the proof of Proposition 7
given in [53℄, only rank-one operators are used and, therefore, it an be also written in terms of
the alternative Daugavet property.
Proposition 13 ([53, Lemma 1 and Remark 6℄). Let X be a Banah spae with the alternative
Daugavet property. Then,
(a) |x∗∗(x∗)| = 1 for every x∗∗ ∈ ext(BX∗∗) and every weak∗-denting point x∗ ∈ BX∗ .
(b) |x∗(x)| = 1 for every x∗ ∈ ext(BX∗) and every denting point x ∈ BX .
Proposition 14 ([61, Remark 2.8℄). Let X be an innite-dimensional real Banah spae with the
alternative Daugavet property. If X has the Radon-Nikodým property, then X ontains ℓ1. If X is
an Asplund spae, then X∗ ontains ℓ1. In partiular, X
∗∗/X is not separable.
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BX \ (−x + (2− ε)BX)
Figure 4. The spae ℓ2
∞
has the al-
ternative Daugavet property
The above two results give us an indiation of why it is diult to nd haraterizations of
Banah spaes with numerial index 1 that do no involve operators. Indeed, it is not easy to
onstrut nonompat operators on an abstrat Banah spae. Thus, when on uses the assumption
that a Banah spae has numerial index 1, only the alternative Daugavet property an be easily
exploited. Of ourse, things are easier if one is working in a ontext where the alternative Daugavet
property ensures numerial index 1, as it happens with Asplund spaes and spaes with the Radon-
Nikodým property. Therefore, it would be desirable to nd more isomorphi properties ensuring
that the alternative Daugavet property implies numerial index 1. One possibility is the following.
Problem 32. Let X be a Banah spae whih does not ontain any opy of ℓ1 and having the
alternative Daugavet property. Is it true that n(X) = 1?
An armative answer to the above question might ome from the following more ambitious one.
Problem 33. Let X be a Banah spae with the alternative Daugavet property. Is it true that
v(T ) = ‖T ‖ for every operator T ∈ L(X) xing no opy of ℓ1?
On the other hand, it is not possible to nd isomorphi properties ensuring that the alternative
Daugavet property and the Daugavet property are equivalent.
Proposition 15 ([61, Corollary 3.3℄). Let X be a Banah spae with the alternative Daugavet prop-
erty. Then there exists a Banah spae Y , isomorphi to X, whih has the alternative Daugavet
property but fails the Daugavet property.
We may then look for isometri onditions that allow passing from the alternative Daugavet
property to the Daugavet property. Having a omplex struture ould be suh a ondition.
Problem 34. Let X be a omplex Banah spae suh that XR has the alternative Daugavet property.
Does it follow that X (equivalently XR) has the Daugavet property?
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8. The polynomial numerial indies
In 1968, the onept of numerial range of operators was extended to arbitrary ontinuous
funtions from the unit sphere of a real or omplex Banah spae into the spae by F. Bonsall,
B. Cain, and H. Shneider [8℄ in the obvious way. They showed that the numerial range of a
bounded linear operator is always onneted, and the same is true for ontinuous funtions with
only one exeption when the spae is real and of dimension one. Three years later, L. Harris [33℄
studied various possible numerial ranges for holomorphi funtions on omplex Banah spaes
and got some deep results on them.
In this setion, we onentrate on homogeneous polynomials on real or omplex spaes. Let us
give the neessary denitions; we refer the reader to the book [19℄ by S. Dineen for bakground
on polynomials. Given a Banah spae X and a positive integer k, a mapping P : X −→ X is
alled a (ontinuous) k-homogeneous polynomial on X if there is an k-linear ontinuous mapping
A : X × · · · × X −→ X suh that P (x) = A(x, . . . , x) for every x ∈ X . A polynomial on X is a
nite sum of homogeneous polynomials. The spae P(X ;X) of all polynomials on X is normed by
‖P‖ = sup
x∈BX
‖P (x)‖ (P ∈ P(X ;X)).
We write P(kX ;X) to denote the subspae of P(X ;X) of those k-homogeneous polynomials on
X , whih is a Banah spae. The numerial range of P ∈ P(X ;X) is the set of salars
V (P ) := {x∗(P (x)) : x ∈ SX , x∗ ∈ SX∗ , x∗(x) = 1},
and the numerial radius of P is
v(P ) := sup{|λ| : λ ∈ V (P )}.
As in the linear ase, it is natural to dene the polynomial numerial index of order k of X to be
the onstant
n(k)(X) := inf
{
v(P ) : P ∈ P(kX ;X), ‖P‖ = 1}
= max
{
M > 0 : ‖P‖ 6Mv(P ) ∀P ∈ P(kX ;X)} ;
of ourse, n(1)(X) oinides with the usual numerial index of the spae X . This denition was
introdued very reently by Y. Choi, D. Garía, S. Kim, and M. Maestre [13℄. Let us remark that
0 6 n(k)(X) 6 1, and that n(k)(X) > 0 if and only if v( · ) is a norm on P(kX ;X) equivalent to
the usual norm.
The rst result that we would like to mention here is an extension of Glikfeld's result for linear
operators [26℄ given by L. Harris [33, Theorem 1℄: for omplex spaes, the numerial radius is
always an equivalent norm in the spae of k-homogeneous polynomials. More onretely, if X is a
omplex Banah spae and k > 2, then
(9) n(k)(X) > exp
(
k log(k)
1− k
)
.
It was also proved in [33, 7℄ that the above inequalities are sharp. In the real ase, Harris' result
above is false sine the polynomial numerial indies of a real spae may vanish (see Example 8.b
below).
The next result shows the behavior of the polynomial numerial index when the degree grows.
Proposition 16 ([13, Proposition 2.5℄). Let X be a Banah spae and let k be a positive integer.
Then
n(k+1)(X) 6 n(k)(X).
Next we list several examples of Banah spaes for whih there is some information on their
polynomial numerial indies.
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Examples 8 ([13℄, [14℄ and [15℄).
(a) n(k)(K) = 1 for every k ∈ N.
(b) If H is a real Hilbert spae of dimension greater than 1, then n(k)(H) = 0 for every k ∈ N.
() If H is a omplex Hilbert spae of dimension greater than 1, then 1/4 6 n(k)(H) 6 1/2 for
every k ∈ N.
(d) In the omplex ase, all the polynomial numerial indies of an L1-predual are equal to 1.
In partiular, this is the ase for the omplex spaes c0, ℓ∞ and, more generally, C(K).
(e) n(2)(ℓ1) 6 1/2 in the real as well as in the omplex ase.
(f) For every k > 2, the real spaes c0, ℓ∞, c, and ℓ
m
∞ with m > 2, have numerial index of
order k smaller than 1.
(g) Atually, if K is a non-perfet ompat Hausdor spae with at least two points, then the
real spae C(K) has numerial index of order k smaller than 1 for every k > 2.
The above examples show that the polynomial numerial indies distinguish between L-spaes
and M -spaes in the omplex ase, and this is not possible if we only use the usual (linear)
numerial index. They also show that, unlike the linear ase, there is no relationship between the
polynomial numerial indies of a Banah spae and the ones of its dual (see items (d) and (e)
above). Nevertheless, there is a relationship with the polynomial numerial indies of the bidual.
Proposition 17 ([13, Corollary 2.15℄). Let X be a Banah spae. Then, we have
n(k)(X∗∗) 6 n(k)(X)
for every k > 2.
We do not know if the above inequalities are atually equalities.
Problem 35. Is there a Banah spae X suh that n(2)(X∗∗) < n(2)(X)?
Let us present now more open questions arising from Examples 8.
Problem 36. Compute the polynomial numerial indies of omplex Hilbert spaes and of ℓ1.
Problem 37. Is n(2)
(
C[0, 1]
)
= 1 in the real ase? Is n(2)
(
L1[0, 1]
)
= 1 in the real and/or in the
omplex ase?
The behavior of polynomial numerial indies under diret sums and the indies of vetor-valued
ontinuous funtions spaes were also studied in [13℄. The results an be summarizedas follows.
Proposition 18 ([13, Propositions 2.8 and 2.10℄). Let k be a positive integer.
(a) If {Xλ : λ ∈ Λ} is any family of Banah spaes, then
n(k)
(
[⊕λ∈ΛXλ]c0
)
6 inf
λ
n(k)(Xλ)
n(k)
(
[⊕λ∈ΛXλ]ℓ1
)
6 inf
λ
n(k)(Xλ)
n(k)
(
[⊕λ∈ΛXλ]ℓ∞
)
6 inf
λ
n(k)(Xλ).
(b) If X is a Banah spae and K is a ompat Hausdor spae, then
n(k)
(
C(K,X)
)
6 n(k)(X).
Examples 8 show that the inequalities in item (a) above are not always equalities in the real
ase; just take Λ = N and Xn = R for every n ∈ N. In the omplex ase, the same is true for the
inequality involving ℓ1-sums (Λ = N and Xn = C for every n ∈ N), but we do not know the answer
for the other sums.
NUMERICAL INDEX OF BANACH SPACES 23
Problem 38. Let {Xλ : λ ∈ Λ} be a family of omplex Banah spaes. Is is true that
n(k)
(
[⊕λ∈ΛXλ]c0
)
= n(k)
(
[⊕λ∈ΛXλ]ℓ∞
)
= inf
λ
n(k)(Xλ) ?
For item (b) of Proposition 18 the situation is similar. For instane, the real spae C({1, 2},R)
does not have the same polynomial numerial indies as R. We do not know if there exists an
example of the same kind in the omplex ase.
Problem 39. Let X be a omplex Banah spae. Is n(k)
(
C(K,X)
)
equal to n(k)(X)?
For spaes of Bohner-measurable integrable or essentially bounded vetor valued funtions no
results are yet available.
Problem 40. Let X be a Banah spae, µ a positive σ-nite measure and k > 2. Is there any
relationship between n(k)
(
L1(µ,X)
)
(resp. n(k)
(
L∞(µ,X)
)
) and n(k)(X)?
Item (a) in Proposition 18 an be used to produe the following nie example.
Example 9. There exists a omplex Banah spae X suh that
n(k)(X) = exp
(
k log(k)
1− k
)
for every k > 2, i.e. all the inequalities in (9) are simultaneously equalities.
Proof. For eah positive integer k > 2, let Xk be the two-dimensional omplex Banah
spae given in [33, 7℄ whih satises the required equality for this k. Then, the spae
X = [⊕k>2Xk]c0
satises
n(k)(X) 6 n(k)(Xk) = exp
(
k log(k)
1− k
)
by Proposition 18.a, and the other inequality always holds. 
After presenting the known results and open questions related to the omputing of the poly-
nomial numerial indies, we would like to disuss the isometri or strutural onsequenes that
these indies may have on a Banah spae. Atually, we do not know of any result in this line, so
we simply state onjetures and open questions.
First, we do not know what are preisely the values that the polynomial numerial index may
take.
Problem 41. For a given k > 2, desribe the sets{
n(k)(X) : X real Banah spae
}
and
{
n(k)(X) : X omplex Banah spae
}
.
We may also ask for the lass of Banah spaes for whih the the k-order numerial index is one
of the extreme values.
Problem 42. Study the real Banah spaes X satisfying n(2)(X) = 0. For instane, do they satisfy
that n(X) = 0? What is the answer for nite-dimensional spaes?
Problem 43. Charaterize the omplex Banah spaes X satisfying n(k)(X) = 1 for all k > 2. In
partiular, do they always ontain a opy of c0 in the innite-dimensional ase?
Problem 44. Is there any real Banah spae X dierent from R suh that n(2)(X) = 1?
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It would be desirable to get more information on the non-inreasing sequene {n(k)(X)}k∈N of
all polynomial numerial indies of a Banah spae X . For instane, in view of the Examples 8,
the following question arises.
Problem 45. Is there any Banah spae X for whih lim
k→∞
n(k)(X) 6= 0, 1?
To nish the setion, let us mention that Y. Choi, D. Garía, M. Martín, and M. Maestre have
extended the study of the Daugavet equation to polynomials in the very reent paper [14℄. Given
a Banah spae X , a polynomial P ∈ P(X ;X) satises the Daugavet equation if
‖Id + P‖ = 1 + ‖P‖,
and it satises the alternative Daugavet equation if
max
ω∈T
‖Id + ω P‖ = 1 + ‖P‖.
Daugavet and alternative Daugavet properties are also translated in [14℄ to the polynomial setting
by diret generalization of the linear ase. A Banah spae X has the k-order Daugavet property
(resp. the k-order alternative Daugavet property) if every rank-one k-homogeneous polynomial on
X satises the Daugavet equation (resp. the alternative Daugavet equation). These properties are
related to the polynomial numerial indies sine, as in the linear ase, for a polynomial P we have
that
(a) P satises the Daugavet equation if and only if ‖P‖ = supReV (P ),
(b) P satises the alternative Daugavet equation if and only if ‖P‖ = v(P )
(see [14, Proposition 1.3℄). Let us remark that part of the information given in Examples 8 omes
from results on the Daugavet and the alternative Daugavet properties [14℄.
We onlude this paper by mentioning the following rather surprising result.
Proposition 19 ([14, Proposition 3.3 and Remark 3.6℄). Let X be a Banah spae and let k > 2.
Then, the Daugavet equation and the alternative Daugavet equations are equivalent in P(kX ;X)
in the following two ases:
(a) if the base eld is C, or
(b) if the base eld is R and k is even.
If k is odd, then the Daugavet and the alternative Daugavet equation are not equivalent in P(kR;R).
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